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• SW hydrodynamic solutions become collisionless at exobase

where Knudsen number (Kn) becomes equal to unity.

This occurs below 5 solar radii, before the critical sonic (saddle) point

in hydrodynamic models.

(Copies of a review article describing the early historical developments of solar

and polar wind modelling are available. It contains the hydrodynamic transport

equations equations that any SW and PW models does have to satisfy, including

the kinetic models discussed in todays lecture).

•   Kinetic solutions determine the Velocity Distribution Function (VDF) above

exobase

•Exospheric models : Zero-order kinetic models (no collisions)

•Fokker-Planck solutions for VDF: First-order kinetic models of SW & PW

taking in account the effects of local collisions

•Monte-Carlo simulations of ions escaping from solar corona

and from polar ionosphere also simulate Coulomb collisions

•
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vo : critical escape velocity of particle

of mass m and charge Ze

 m vo
2 – G MS m / ro + Ze E =  0

Neutral atom: Z = 0

    vo = (2 G MS / ro)
1/2  = 617 km/s (RS / ro)

1/2

Charged particle :

    vo = (2 G MS / ro – 2 Ze E / m)1/2

When Z > 0  and E  > 0    vo is reduced  (for protons)

When Z < 0  and E  > 0    vo is increased (for electrons)

• for electrons the electrostatic potential is much more important than the gravitational

one (: smallness of me)!

• electrons have a large thermal velocity : thus there are many of them with v > vo .

They can escape/evaporate from the level where Kn = 1 (exobase).
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Assume truncated VDF of electrons at exobase : where Kn = 1
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Jeans escape flux
Assumptions : no collisions beyond the exobase altitude;

no magnetic field or a radial B-field distribution;

conservation of total energy  &  first adiabatic invariant of charged particles;

no incoming particles; only particles on escaping, trapped and ballistic orbits;

truncated maxwellian VDF at exobase  (or other VDF…)

                             M

               FJ (v > vo) = 2  vo v3 dv 0 sin  cos  f(v, ) d 

 f (v, ro) = no (m /2  kT)3/2 exp (- m v2 /2 kT) … for v > - vo

                     = 0    …………………………………. for v < - vo

              FJ =  no co [1 + o] exp(- o)

         co = (8 k T /  m)1/2

         o = m vo
2 /2 kT = G MS m / ro kT – Ze E / kT
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When   E = - (mp – me) g / 2 e   (150 Volts)
&    Te = Tp          o,p  = o,e

FJ,e     no,e Te
1/2 ( 1 + o,e) exp(- o,e)

___  =  ___________________________________   ( mp / me ) 
1/2  42

FJ,p     no,p Tp
1/2 ( 1 + o,p) exp(- o,p)

     The flux of electrons evaporating from the corona 42 times larger than
escape flux of protons …
… unless the electrostatic potential difference is larger than
the PR electrostatic: 150 Volts
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What should be the electrostatic potential difference

required to reduce the escape flux of electrons

and to balance the flux of protons?

FJ,e  = FJ,p

 (1+ o,e) exp(- o,e)  (Te / me)
1/2 = (Tp / mp)

1/2          o,e = 5.6

    Te = 1.4 MK         E  = 617 Volts

What is the velocity of protons at infinity : v   ?

 mp (v
2 - vo

2) = - G MS mp / ro + e E    =  317 eV

… for vo > 0     v  >  270 km/s

    … observed slow SW velocity at 1AU = 300 – 400 km/s

… fast SW (> 800 km/s) requires  E  > 3300 Volts instead of 150 Volts
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For a given f(v) at exobase all these moments of the VDFs are

definite integrals which can be calculated analytically or numerically;

they are functions of  r & E(r)
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The quasi-neutrality equation [: np(r; E) = ne(r, E) ]

solved iteratively to determine

electrostatic potential at all altitudes : E(r)

This electric potential is then used in the analytic expressions of the

moments of the VDF to evaluate their values at all altitudes in the

exosphere.

In this is the way one can determine the radial distributions of the solar

wind density, bulk velocity, parallel & perpendicular pressure

components, parallel and perpendicular temperatures, heat flux of the

electrons and protons, etc… without integrating numerically non linear

differential equations (hydrodynamical transport equations

Note: that all these moments satisfy, however, the hierarchy

(untruncated set) of transport equations which are derived from

the collisionless Bolzmann equation or Liouville’s equation.
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Ratio of Electric force over

 gravitational force

acting on protons : eE/mp g
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Correlation between SW proton temperature and bulk velocity at 1 AU

in slow solar wind regimes
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This difficulty may be partly resolved by assuming

a Lorentzian/Kappa VDF at the exobase,

instead of a maxwellian



19



20



21



22

Velocity distribution functions (VDF)

Local drifting Maxwellian
(Euler or Grad 5-moment approximation)

fM(r,v,t) = n(r,t) [ m / 2  k T(r,t) ]3/2 exp{-m [v - u(r,t)]2 / 2 k T(r,t)}

n(r,t) : number density of particles

u(r,t) : bulk or average velocity

T(r,t) : temperature

Chapman-Enskog expansion
(Normal solutions)

f(r,v, t) = fM(r,v,t) [ 1 +  g(1)(v) +  2 g(2)(v) ..]

  : ordering parameter that reflects smallness of the mean free path compared to scale
length of inhomogeneities in the fluid
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Conductive hydrodynamic

solar wind model

 Noble & Scarf (1963);

Parker (1964);

Whang & Chang (1965);

 …

Hydrodynamic solar wind

 with wind velocity :

u = u(r)   0

with heat flow :

q = -   dT/ dr   0
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Higher order approximations for the VDF

Grad’s  20-moment approximation

f = fM(r,v,t) [1 +   :cc  / 2 p  –   q . c  / p  +  
2 Q:ccc / 6  p )]

= m  / kT

p   =  scalar pressure

Oraevskii-Schunk 16-moments approximation

f = fBM(r,v,t) [1 +  :c||c  / 2 p  – q  . c||  / p  +  
2 q||. c  / 6  p )]

     fBM(r,v,t) = n(r,t) [ /2 ][ || /2 ]1/2  exp{- || c||
2 / 2 - c 2 / 2}

(a bi-Maxwellian VDF)
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VDF observed at 1 AU by Helios and modeled

by a 16-moment approximation (Demars & Schunk, 1990)



26

Kinetic SW models

Exospheric models

           MawxellianVDF

           Lorenztian VDF

 Fokker-Planck models

…used to determine/model VDF in transition region

i.e. where Kn increases from Kn << 1   Kn >> 1
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Fokker–Planck equations for protons in polar wind

Finite difference solution of VDF

(Lie-Svensden & Rees, 1998)

Legendre polynomial + Speed polynomial expansion of VDF

(Pierrard & Lemaire, 1998)

                          n-1           N-1

f(r, y, μ) = fM
  [    als(r) Pl(μ) Ss(y)]

                          l=0          s=0

y2  =  m v2 / 2 k T

μ  = cos 



28Pierrard & Lemaire, 1998 Lie-Svendsen & Leer, 1998
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Monte Carlo simulation

protons diffusing  across

background of O+ ions in

polar wind

(Barakat et al, 1996)
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Solution of Fokker-Planck equation for protons in polar wind

• VDF at low altitude : only one
main maxwellian peak at v = 0
(like in the case of hydrostatic
equilibrium)

• Upward flux of particles and
energy is carried by the higher
velocities: escaping particles;
Note the asymmetry of particles
with higher velocities in the
vertical direction…

• A secondary peak develops at
intermediate altitudes; it becomes
prominent at high altitude; while
the low velocity peak vanishes
gradually and disappear in the
exosphere…
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Summary (1)

 Exospheric models are zero-order kinetic models; they are
useful

– to understand basic kinetic aspects

– to model properly the evolution of the VDF when is not Kn small

– to evaluate the escape of ions out of corona and topside ionosphere,

– to demonstrate the existence of a polarization electrostatic potential
induced by the gravitational force (or other mechanisms…)

– to show how this electrostatic force accelerates the ions polar and
solar wind ions to supersonic velocities
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Summary (2)

• First order kinetic theories (Fokker-Planck, and Monte Carlo
simulations, …) demonstrate that across the exobase transtion region the
shape of the VDF changes from a nearly maxwellian with a single peak
at v = 0, into a doubly peaked VDF; this emerging second peak is
contributed by escaping suprathermal protons;
the emerging bean shaped peak becomes more and more prominent;
eventually at higher altitudes it overtakes the primary peak of low
energy ballistic particle population trapped by the potential barrier.

• This previously unsuspected transformation of the VDF across the
transition region is very different from a drifting maxwellian whose
peak velocity u(r) gradually increases with the altitude,
 as assumed in hydrodynamic models which are based on
the Chapman-Enkog’s and Grad’s expansions of the VDF.
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Summary (3)

• Kinetic models (Exospheric, Monte Carlo, Fokker-Planck solutions,
…) are more detailed microscopic descriptions of the VDFs.
They are  complementary to fluid/moment approches

• Kinetic models can be fitted to hydrodynamical solutions which are
fully satisfactory at lower altitudes, i.e. below the exobase.

• Finite difference solutions as well as polynomial expansions of the
Fokker-Planck equations are physically more appropriate for the
physicist who wants to understand the change of the VDF in transition
regions;

• Time dependent kinetic models have not yet been worked out,  while
they are current developped for hydrodynamic models of the SW and
PW.
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Hydrodynamic/fluid streaming versus Kinetics evaporation

a cartoon by F. Meyer-Vernet
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VDF of coronal protons

in Chapman’s conductive hydrostatic equilibrium

at 3 radial distances

 = 0

T(r) = T0 { ro / r }
2/7

Chapman hydrostatic model :

No wind velocity : u = 0

Conductive heat flow :

q = -   dT/ dr
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VDF observed at 1 AU by Helios and modeled

by a 16-moment approximation (Demars & Schunk, 1990)
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•  there are many different ways to approximate VDF of electrons and ions

in space plasmas

•  Euler approximation or 5-moment approximation is OK if one needs to

calculate only the distributions of lower order moments of VDF (densities

and bulk velocities)

•  Higher order expansions of VDF are required to model correctly the

asymmetry and skewness of VDF in collisionless plasmas

• The moments determined in kinetic approach (exospheric, FP, Monte

Carlo …) satisfy the full (untruncated) hierarchy/set of moments equations
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Exospheric model:

truncated

Maxwellian

Electron

VDF

Grad 5-moments:

displaced

Maxwellian

Electron

VDF
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  It is difficult to integrate the 20-moment transport equations

from the collision dominated region to the collisionless one due

to the additional saddle, nodal and focal points of singularity

inherent in these equations

  The solutions of hydrodynamic, generalized moment

equations and kinetic equations depend drastically on the

boundary conditions adopted at the base of the integration

domain, as well as at large radial distances
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5-moments

Displaced 

Maxwellian

proton

VDF

Exospheric

model:

Truncated

Maxwellian

proton

VDF
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5-moments:

Displaced

Maxwellian

Electron

VDF

Exospheric

model:

Truncated

Maxwellian

Electron

VDF
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Exospheric radial distributions
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Beyond the exobase Coulomb collisions become rare and can be neglected in zero

order approximation and zero order kinetic models.

Hydrodynamic/fluid approximations of the transport of mass, momentum and

energy are questionable in the collisionless exosphere;

Kinetic approaches are then recommended in the exosphere

(exospheric, Fokker-Planck solutions, Monte-Carlo ...)
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Advantages

• Exospheric approach explains the physical origin of the E-field that accelerates

the ions in solar wind

• Predicts the correct density, bulk speed, mean temperatures; energy flux of e- & p+

at 1AU

• Predicts observed correlation between bulk speed and proton temperatures

observed at 1 AU
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If E  = - (mp – me)  g / 2 e   (Pannekoek – Rosseland potential)

… the critical escape energy is the same for protons and electrons

                    mp vo,p
2 =  G MS (mp + me) / 2 ro = kT o =  me vo,e

2

… when electron and proton temperatures are equal  (Te = Tp)

o,p  =  mp vo,p
2 / kTp =  me vo,e

2 /kTe = o,e

Escape velocities for PR electrostatic potential



54

The zero electric current condition [ FJ,e = FJ,p ] determines

the total electrostatic potential difference :

E  (> 600 Volts)

This actual value E is much larger than that corresponding

to the Pannekoek-Rosseland potential (150 Volts) which was

assumed in Chamberlain’s solar breeze exospheric model

This explains why, in this first exospheric model of the corona,

the solar breeze velocity at 1AU was  only 20 km/s
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