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Outline

e General transport equations

e Closure of transport equations
O Chapman-Enskog (collision-
dominated)
O Grad’s approach (Maxwellian: 5-
m, 13-m, 20-m)
O Far from Equilibrium (Bi-
Maxwellian: 6-m, 16-m)

e Convergence of transport equations
e The Solar wind

® Summary



Formulations

e Hydrodynamic

e Magnetohydrodynamic
e Chapman - Enskog

e Hydromagnetic

e Generalized Transport
e Kinetic

e Semi-kinetic

e Multistream



Boltzmann Equation
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ot m C ; ot

S

f.(r,v,,t) =distribution function

e, =charge
m, =mass
v, = velocity

Q = time derivative
ot

V = spatial gradient
V.. =velocity gradient

Y

E = electric field

B = magnetic field
G = gravity

c = speed of light

f -
= collision operator
ot



Transport Equations

Take velocity moments of the
Boltzmann equation to get conservation
equations for density, drift velocity,

temperature, etc.

e WWhat velocity moments do we need?
e How do you close system of

transport equations?

e How do you evaluate collision

Integrals?



Series Expansion

f(r v, = 1,00y, )Y a, ()M, (v,)

where

f©(r,v,,t)= zeroth-order distribution
a_ = expansion coefficient

a

M = polynomial set (orthogonal & complete)

a



Chapman-Enskog (1901)

e Velocity moments relative to u

n, = [dv,f,

U, :n%jdvs fv,

> n,m.u, .
- average velocity
u= |
> n.m, of gas mixture
S

« m, )2
T, = 30 jdvs fo(v,—u)

*

a. :%msfd"s f, (vo—u) (vs-u)



o 9 = Maxwellianaboutu

e Additional assumption of collision dominance
nu,T,~0()

d,t~nu,T,vnvVu,vVTl
e Introduced diffusion velocities

W, =U,—U



Grad (1949)
¢ Velocity moments relative to ug
n, = [dv,f,
1
u =—|dv,fv
S nS j S 'S S

mS
3kn,

1 2
qs :Ems‘[dvs 1:s (Vs _us) (Vs _us)

T = _[dvs f,(v,-u,)

) :
e/ = Maxwellian about u

e No additional assumptions
n,u, T,q,7~0()



Comparison

e Grad approach is better than the
Chapman - Enskog approach for

nonequilibrium flows.

e The Chapman-Enskog equations can be
obtained from Grad's equations in
the limit of a large collision

frequency.
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Moments of the Boltzmann
Equation

- Continuity Equation - n
- Momentum Equation -

- Energy Equation - T
- Stress Tensor Equation - =
- Heat Flow Equation - q



General Transport Equations
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Stress Tensor Equation

Heat Flow Equation
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Closure of Transport
Equations

fL(rv, )= £, a,(rHM, (c,)

C, = Vs —Ug random velocity

- £ (M)
fs ~ fs 5-moment

for £ 114+ (L) T ree, +(.)a,C |

13-moment

fox M 1+(.)7, e +Q, rece,

20-moment
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Expansion of the Distribution
Function

(@) 5 - MOMENT APPROXIMATION

Maxwellian Distribution

n - 1 q = 0
u - 3 T = 0
T - 1 5

(b) 13 - MOMENT APPROXIMATION

Maxwellian Distribution

n - 1 q = 3
u - 3 T = 5
T - 1 13

()20 - MOMENT APPROXIMATION

Maxwellian Distribution

n - 1 Q = 10
u - 3 tT = 5
T - 1 20



13-Moment Approximation

Maxwellian with heat flow and stress corrections

Processes— Ordinary Diffusion

Thermal Diffusion

Thermal Conduction

Diffusion - Thermal Heat Flow
Thermoelectric Effects
Viscosity

Collisionless Heat Flow
Collisionless Viscosity

Temperature Anisotropies



Collision-Dominated Gas

nu, 1 ~1
q.T ~1/v
O(1) —> Euler

O(1/v) —  Navier-Stokes

O(1/ v2) —> Extended Navier-Stokes



Collision-Dominated Gas

1. Continuity Equation - 1
Momentum Equation - u
3. Energy Equation - T,
(@) O(1) —» Euler
1. =0
g, =0

(b) O(1/v) > Navier-Stokes

T, =7, {VuS +(Vu,)' —%(V-US)I}

d, = _ﬂ“stVTs _ﬂ“stVTt + Rst (us o ut)

(c) O(1/v2) »> Exteneded Navier-Stokes

Additional corrections



Collision - Dominated Gas

e Grad Method
e Burgers' Linear Collision Terms

® Navier-Stokes Limit

on,
ot

+V-(nu,)=0

nSmSI:aaL,::S +uS VUS:|+VpS +VTS _nsmsG -nSeSI:E-i_luS XB:|:
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nmv.(u —-u)+ ) v, XSt (q -5
Z M.V, (U, —uy) Z 4T, g, - q,)

SE,
St

0 3 5 T
—+u.-V || — +— V-u.) +V-q.+71.:VU. =
[at : }(Zpsj 2|os( :) g, +1,: VU,

Ts = 1] |:Vus +(VUS)T _g(v.us)l:|

g, = _ﬂ‘stVTs __ﬂ“;tVTs + Rst (us - ut)



Collisionless Plasma In a
Strong B-Field

nou, Ty, T, ~ 1 (BiI-Maxwellian)

O(1) — Chew-Goldberger-Low Equations (CGL)
O (1/42) » Extended CGL Equations



Far-From-Equilibrium Flows

fL(rv,.t) =123 a,(rHMm, (c,)

Cs :Vs_us

f© = weight factor
1. Chapman and Enskog
Grad
Burgers
Euler
® Navier-Stokes

all are based on a Maxwellian weight

factor

2. For far- from-equilibrium flows, the
solutions converge slowly.

3. Need to select a new weight factor and
generate new transport equations.



Drifting Bi-Maxwellian

n,u, 7-]|9 TJ_

i

e\
(G=

\T// Vz
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Applications

e Convecting lonosphere
e Polar Wind
e Solar Wind

e Plasmasphere



Simple Flow Situation

e Weakly-ionized plasma (i-n collisions)
e HOmMogeneous

e Steady State

e Simple Relaxation Collision Model

e Constant E and B fields

ei[E*‘lVi XB:I.VV fi =—v,(f, - fi(M))
m. C !

I
f M = Maxwellian
v, = constant

V

Exact solution possible for arbitrary : EI E, B



Convergence Study

e Grad Maxwellian-Based Expansion

5 - m
13- m
20- m

¢ Bi-Maxwellian-Based Expansion

6 - m
16- m

e Compare different series expansions to
exact solution to test convergence of

the series expansions.



Grad Expansion
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- Bi-Maxwellian Expansion Eneg

- C B-HUHENTID"=U.3) > 6-MOMENT (D, =1.0) 6-MOMENT (D, =3. 0)
-_— — » —
— —

RALLEL 7O E
- 0 1 2 3 4§ 5
1 1 1 L

‘LY mL
P
A kv aal




EXACT ANS. (Dy=1.0) v EXACT ANS. ( '3‘.-0_‘1_
i Ly am— —
= = =
-
w™ w™ :
Seu Beu :N‘
:ﬂ- Eﬂ-ﬂ o
2 - Zo
4= O =
= < I3
= i e
-~ ] -
" ]
N YR bhae
b b
"
o2 L T T 1 T T T T ]
s '3 -2 - 2 3 M 28 =g =1 012 3
- 3 -2 -1 0 M io%e PERP. TO E
GMJ 20-MOMENT (0, =1.0) = 20-MOMENT (0, =3.0)
w w ]
== -4 =
T 1 o
B Oru- S
- Frri® o
- - -
- ] -
&1 go g
e F e
' ]
LR e o~ 1
L] [] 1
-: T T T T ll;l '? L T T T
-3 -2 -1 _20 2 3 S - -3 -2 -1 0 1_2 3
PERP. TO E PERP. TO E
B¢ 2
- Maxwel|ran
- 16-HMOMENT {0, =0. 3) w 16-MOMENT (D, =1.0) - 16-MOMENT (0, =3.0)
= = o]
| L T
2o Soud O
s = -
- -
o =1 =
< o+ ao
13 - =
—] o] o
1] il ‘_
o o o
".
[ T T T T T T " . . 4 v . = = "
-3 -2 -1 0 2 13 i L [ ! T
PERP. TO'E 2 e R -3 -2 - 1

1. 0 o
PERF. TO E




Solar Wind

e Standard Hydrodynamic Equations
n,u, 1, 1, q, q,
with spitzer conductivities
e Bi-Maxwellian based 16-Moment
Equations
eB.C.at1A U.
n=16cm-3
u =400 Km/s
Te = 100,000 K

T,  =150,000K
T., =75,000K

T, = 40,000 K



{Tp = 80,000 k
T,, =20,000 k

g, = 0.015 erg cm” s
| — 2a~-1
g, =0.01 erg cm=s
g, =0.01 erg cm®s™
g, = 0.15x10° ergem?s”

! =0.1x10"° erg cm®s™

g, =0.1x10° erg cm®s™
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Conclusion

e Flow conditions determine which
transport equations to adopt.

e Transport equations can describe far-
from-equilibrium flows.

e The Bi-Maxwellian 16-moment
equations are “valid” for the polar wind.

e Global models are expected to be based

on a fluid-like approach.



